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We present a scenario for deriving Maxwell theory from IIB matrix model. Four dimensional spacetime and 
theories on it relate different dimensional ones by applying appropriate limits of the backgrounds of matrix model. 
It is understood by looking at open strings bits as bi-local fields on the spacetime, which are decoupled from the 
bulk in the limits. The origin of electric-magnetic duality is also discussed in matrix model. 

1. Introduction 2. Noncommutative U(l) theory with di- 

rection dependent noncommutativities 



It is necessary to make constructive definition 
of superstring theory that derives well known 
physics. IIB matrix model [Q is a candidate and 
it seems to be suitable to the brane world sce- 
nario It is defined in ten dimension and co- 
ordinates are generalized to be noncommutative. 
We present the way to derive commutative four 
dimensional theory from it. 

In IIB matrix model, we can find 3-brane clas- 
sical solution of the action. This 3-brane has 
a NCYM4 on it, where gauge fields are from 
the quantum fluctuation while spacetime is from 
the classical background. Since the 3-brane so- 
lution forms Heisenberg algebra, 4 dimensional 
space is constructed as Hilbert space. Although 
spacetime coordinate has uncertainty relation, 
the coherent states make a intuitive 4 dimen- 
sional spacetime as von Neumann lattice H . They 
showed open strings on the lattice and relates the 
noncommutativity to the string scale. 

There is the correspondence between the 
electromagnetic field on the open strings and 
the spacetime noncommutativity in the matrix 
model[Q. We are going to see the decouple limits 
in matrix model, and get the intuitive explana- 
tion by using open strings bits on the von Neu- 
mann lattice. This is directly understood from 
relation between the noncommutativity 8 01 from 
the matrix model and Q® 1 from string theory. 
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In this section NCU(l) is derived from the ma- 
trix model. In order to see the duality of the 
matrix model, we first look into a theory around 
it, that is, NCU(l). 

We start by following IIB matrix model ac- 
tion|@|: 

S=-j 2 Tr(- 4 [A li ,A v ][A^ A„] + ^T li [A„, V>]).(2.1) 

Now Afj, and ip are nx n Hermitian matrices and 
each component of tp is 10 dimensional Majorana- 
spinor. We expand A a — p a + A a , (for a = ~ 
d) around the following classical solution 



[Po 



pp] 

( 





i/e 01 
o 





-1/0 01 











1/0 23 






-i/e 23 
o 



(2.2) 



,(2.3) 



where (9 01 , 6 



n2:\ 



are c-numbers. The noncom- 



mutative coordinates are introduced as: 
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and satisfy the relation: 
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Since we are going to see different limits for dif- 
ferent direction, 

the duality and the decoupling limit, not all 9 
are the same, namely, 9 m ^ 6 23 etc.. 

Followed Ref.@§, $ := {A a ,0i := A*, if/}, 
(a,/3 = ~ d, i,j = d + 1 ~ 9) are mapped 
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to usual functions on phase space formed by non- 
commutative coordinates explicitly: 



-> #a;) = J^e 4 *"*" . (2.6) 
k 

The summation over k a is performed as follows: 




Then we get the action of NCU(l) from eq.(2.1) 



^NCU(l) — 2 

9ym 

i - 1 - 

--ipT a [D a ,ip] - -ipTi[ipi,ip] 



(2.8) 



Inside ( )*, the products should be understood 
as the star product: 

<j>\{x) *<t>2(x) = 

e^^ F M^ + OM^ + v)k=v=o (2.9) 

The covariant derivative and the field strength 
are defined as: 

D a := d a - iA a , T a p := i[D a ,Dp]* (2.10) 

The Yang-Mills coupling is related to the non- 
commutativity as: 



2 - g 2 (2TT)^e 01 9 23 ---e d - 2d - 1 
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3. Limits for four dimensional commuta- 
tive Maxwell theory 

In this section we are going to define a decou- 
pling limit and a commutative limit in the matrix 
model. We assume the spacetime dimension is al- 
most equal to 4 and coordinates are almost com- 
mutative. It dose not have to be exact 4 dimen- 
sional commutative spacetime. The stand point 
of this paper is in 10 dimensional noncommuta- 
tive one. Our strategy is getting the above brane 
world from the matrix model in 10 dimension, by 
fine tuning the parameters 6^ v , (//, v = ~ 9). 

To explain this by string terminology, we need 
identify strings in the matrix model. It is possi- 
ble 101 Si. We will summarize it in our case. The 



von Neumann lattice is the best representing the 
intuitive spacetime. It is constructed by using 
coherent state of operators of the noncommuta- 
tive coordinates which forms Heisenberg algebra: 
eq(|2~5l). The lattice spacing is \/2-nQ m for 0, 1 di- 
rections and V27r# 23 for 2, 3 etc., which are writ- 
ten as 1% C - Because of the noncommutativity, 
states cannot be localized. So, fields are naturally 
represented as bi-local ones, which are functions 
of two points. Small momentum modes corre- 
spond ordinary (commutative) field. Large mo- 
mentum modes correspond open strings. Define 
eP : = a Pkp and decompose d as d — d + Sd, 
where d is a vector which connects two points 
on the lattice and \Sd a \ < 1% C - The length of 
open string is d$ and the momentum which can 
be associated with the center of mass motion of 
open string is k Ca := {\/9) a p8^d. There is an 
inequality: 
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And the length and momenta are explicitly 
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0,±l,±2,-..,± — (3.2) 
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k c -, a = —\ t- , m a = 0,±l,---,±(n3-l)(3.3) 



3.1. Getting four dimensional spacetime 

We define the decoupling limit as: 



a45,67,—d-2d-l _^ 
In this limit, 
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(3.4) 



(3.5) 



This means the dimension of brane get down by 
two in a[3 directions, so it is natural definition. 
The lengths and the momenta are 



e?n — * or oo , L c 



0. 



(3.6) 



The momenta of the open strings k c goes to 
zero. If one considers the higher order correction 
to propergator of bi-local field, then the oscilla- 
tion of open string are seen by collecting open 
strings bits(see fig.). In the limit, however, the 



3 



momentum of the bits are goes to zero and the 
open string cannot make loop and is decoupled 
from closed strings in bulk. Q 



3.2. Commutative limit 

Let us think about the opposite limit: 



Since 



ga/3 



(3.8) 
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coordinates commute to each other in this limit. 
The momentum k a is eigenvalue of P a := [p a , ■ ] 
(not of p a ). Momenta commute to themselves 
without any limits because [P a ,P^] = 0. So this 
limit can be called commutative limits. 
The lengths and momenta are 
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(3.10) 
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Now we can draw a scenario of getting an al- 
most commutative near 4 dimensional spacetime. 
We start from d dimensional solution of the ma- 
trix model. There are d/2 noncommutativity pa- 
rameters 6 01 , 6> 23 , • • • , e d - 2d - 1 . We think of re- 
gions near following limits: 



301,23 



0, 
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2 These features are parallel to string theory approach by 
the world sheet with NS-NS B filed[?]. In order to see 
this clearly we can use the relation between string theory 
and the matrix model. In the paperjij we have gotten the 
relation between IIB open string with a D-brane having 
both electric and magnetic field on the D-brane and the 
matrix model solution having both spacetime and spaces- 
pace noncommutativity. 

Noncommutativities in matrix model 9 01 and in string 
theory gj 1 are different from each other: 



vhile S? 1 : finite , 



(3.7) 



and consistent with string theory approach. 



Then we have a 4 dimensional commutative 
spacetime. This is not dynamical determination, 
but just a fine tuning. 
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open string consisting of string bits. 

4. Electric-Magnetic Duality in Matrix 
Model (d=4 case) 

In this section we consider the electric- 
magnetic duality of NCU(l) on a D3-brane in the 
matrix model. 

The relation between them arc[[To||: 
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(4.1) 



This is a spacetime-spacespace duality as well as 
electric-magnetic and strong-weak. 

Next we will see this in our case. By using 



eq.(2.11), the dual Yang-Mills coupling and non- 
commutativity of eq.(4.1) are written as: 
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Since there is a relation eq.(2.11) in original the- 



ory, we would like the dual theory also to have 
the same one: g YMD = (2i:g D ) 2 ] ^0 2 ^ . This re- 
quirement determine how the coupling g changes 
to go- 
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(2tt)V((9 01 (9 23 ) 2 



(4.3) 
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We try to explain this by imaging a duality 
web. The partition function of the matrix model 
is not changed under suitable rescaling of ma- 
trices. That is, rescaling of coupling g dose not 
change the model. We have started with a g and 
chosen an arbitrary back ground 9. On the other 
hand we can start by another go and 9d, and if 
those satisfy the condition: 



QirgY^e" ■ (2irg D y6%0$ = 1 , 



(4.4) 



then two NCU(l)'s are the dual to each other. 
This duality transformation is just rescaling: g — > 
gu, which is a symmetry. It is natural to under- 
stand this if we remind type IIB superstring is 
self S-dual and its matrix model too. 

Finally let us see, in particular, more simple 
and familiar case. We can find the dual pair of 
NCU(l) from the matrix model with the same g, 
and find the electric-magnetic duality for usual 
commutative Maxwell equations. The U(l) cou- 
pling gyM cannot to be identity by rescaling of 
the gauge field A in noncommutative case. But, 
in the matrix model framework, it is possible. 
For given g, we choose the back ground solution 
with 9 01 and 9 23 which satisfy {2ng) 2 9 01 9 23 = 1, 
namely, gyM = 1- Then the dual noncommuta- 
tivities also satisfy the same condition. Now the 
dual transformation is: 



901,023) = (#23^01) 



(£d,Bd) 



(B,£) + O(0) 



(4.5) 



Thus, Maxwell equations without the sources 
have a duality in the following commutative limit: 



,9 D ^0, (2ngf 



5. Conclusions 
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We have 
considered the decoupling-commutative limit and 
the electric-magnetic duality in the matrix model, 
^dimensional spacetime can be constructed as 
D(d— l)-brane solution of the model. It has non- 
selfdual solutions which we have treated in this 
paper. Then there are d/2 non commutativity 
parameters: 9 01 ,9 23 ,- ■ ■ ,9 d - 2d ~ 1 . 

Electric-magnetic dual- 
ity transformation changes those parameters as 



eq.(|f.2|), as well as Yang-Mills coupling and elec- 
tromagnetic fields. In addition, it corresponds to 
the rescaling of matrices in the original matrix 
model, which has S-duality symmetry. In partic- 
ular solution related to a g, its duality is just the 
duality of U(l) Maxwell theory: eq.(4.5). 

Decoupling limits have been defined as eq. (^J) . 
Open strings are decoupled from closed strings 
by looking into their momenta, and the tension 
goes to zero. This has been also seen from the 
relation 9 m and 9® 1 clearly Commutative limits 
are defined as eq.( |3.8| ). Noncommutativity pa- 
rameters manage making our 4 dimensional com- 
mutative spacetime. When Q 45 fi 7 ,---,d~2d-i _^ ^ 

corresponding directions decouple while ~ 3 di- 
rection commutes as 9 01 ' 23 — > 0. Staring from 
higher dimensional brane, we can get an almost 
commutative and near 4 dimension spacetime, by 
fine tuning of those parameters. 
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